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Abstract

Response times can help reveal preferences when choices are noisy. This paper

introduces a novel framework to analyze models that predict choices and response times

from the utility of the alternatives. Decomposing models based on which choice and

response time distributions they generate and how these distributions are normatively

interpreted, I uncover a key elasticity - the contrast level - that drives their behavioral

predictions. However, the contrast level is arbitrarily set and not identi�able by current

calibration methods. I propose a new calibration method that I illustrate on practical

examples with data simulated from a Drift Di�usion Model. My results shed light on

the normative implications of a wide class of models from cognitive science and o�er

guidance on their use in economics. They are relevant wherever random utility models

are currently used, for instance demand models or discrete choice experiments.

1 Introduction

There is an increasing interest in the use of response times in the analysis of economic

decisions. Response times, on their own or combined with choice data, have been shown

to predict preferences in various contexts [Xiang Chiong et al., 2023, Berlinghieri et al.,

2023, Alós-Ferrer et al., 2021, Alos-Ferrer and Garagnani, 2023, Li and Bansal, 2024]. This

is particularly relevant for revealing preferences, as measured by cardinal utility, when we

expect decision-makers to make noisy or biased choices.

Most of the aforementioned studies rely on structural models from cognitive science that

link preferences over alternatives to choices and response times. These models - often called

evidence accumulation models - describe decision-making as a noisy process of information

acquisition over time that continues until a threshold level of evidence is reached and deter-

mines a choice. In these models, preferences are usually assumed to determine the rate of

the evidence accumulation in favor of the alternatives..
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There are plenty of such models in the cognitive science literature, but very few are used

in economics. Prominent examples of evidence accumulation models are the Drift-Di�usion

Model (DDM) [Ratcli� and McKoon, 2008, Ratcli� et al., 2016] and the Linear Ballistic

Accumulator (LBA) model [Brown and Heathcote, 2008a]. So far, economists have almost

exclusively focused on the DDM model and its variants. The so-called "horse-race models"

such as the LBA have received little attention past the seminal article from Marley and

Colonius [1992], even though they are conceptually very similar to the popular logit and

probit models and are directly applicable to non-binary choices.

Cognitive scientists themselves are uncertain about how these models di�er from each

other. From an empirical perspective, the most widespread models have been shown to

�t comparably well the observed choice and response time distributions in a wide range of

tasks [Donkin et al., 2011]. From a theoretical perspective, it has been argued [Jones and

Dzhafarov, 2014] that these models impose almost no restriction on the output distribution,

in the sense that di�erences between them in that respect are only driven by the speci�c

parametric assumptions in their noise terms.

Understanding which di�erences between models matter for measuring the utility of the

alternatives is crucial. It is an essential prerequisite to broadening the range of models

of choice and response time that can safely be used to address normative questions in

economics. Otherwise, applied economic research will remain largely con�ned to a handful

of DDM-inspired models, bound to the study of binary choices and ignorant of the thorough

empirical work in mathematical psychology based on alternative models. However, we lack

concepts and a shared language to analyze how the cardinal utility of each alternative a�ects

the output distribution of choice and response time in a model.

In this paper, I propose a theoretical framework to compare models of choice and response

times, focusing on their use for the measuring utility. A model is understood as a function

that maps the utility of a �xed number of alternatives to an output distribution of choice and

response time. Building on an equivalence result from Marley and Colonius [1992] related

to competing risk models in survival analysis, I show that most models in the literature can

be encapsulated in two functions: a "range" and a "contrast". The "range" is a family of

cumulative distribution functions indexed by a scalar parameter. Each function describes

the latent distribution of response times for a choice alternative. The "contrast" is a real-

valued function that determines the parameter of the range for one alternative from the

utility of all the alternatives. Finally, the choice is the outcome of a horse-race between the

alternative-speci�c response times. When revealing cardinal preferences from choice and

response time, the range and the contrast play a complementary role: the range decodes

the observed distribution of choice and response times and attributes to each alternative a
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real number, while the contrast interprets these numbers in terms of utility. The conditions

under which a model can be described by its range and contrast are extremely weak.

Equipped with these novel concepts of range and contrast, this paper is able to formulate

and address the following questions.

� What is the set of models for which such a range-contrast representation exist? In what

sense do the range and contrast characterize a model? Given a numerical description of

two models, how can I compute and compare their range and their contrast? (Section

3)

� How do the properties of the contrast relate to the behavioral predictions of the model?

Which restrictions on the contrast have been commonly imposed in the literature?

What is speci�c about the contrast of the DDM? (Section 4)

� What data do I need to identify the range and the contrast of a model? What do I

need to know about the model to reveal cardinal preferences from choice and response

time data? What are the di�erences between the LBA and DDM model in terms of

range and contrast? How to calibrate the contrast in practice? Which models can be

used for revealing cardinal preferences? (Section 5)

One important contribution of this paper is the notion of contrast level introduced in

Section 4. The contrast level is a key elasticity of the contrast function that plays a key

role in my answer to the previous questions. It measures the relative e�ect on the speed of

latent response times for an alternative of an increase in the utility of another alternative as

compared to an increase in its own utility. In existing models of the literature, the contrast

level is constant and takes only two values. It is equal to −1 in DDM-like models, which

means that increasing the utility of an alternative has the same e�ect as decreasing the

utility of another alternative by the same amount, and 0 in race models like the LBA, which

means that the latent response times associated to an alternative are not a�ected by the

utility of another. These two values for the contrast level generate diverging behavioral

predictions, insofar as the utility of the alternatives vary in a known amount. However,

they may still generate exactly the same output distribution of choice and response times -

just for di�erent input utilities. For this reason, the contrast level is typically not identi�ed

by the standard practices for model calibration in cognitive science, in which the drift rate

is a free parameter of the model and variations in utility are unobserved.

This paper does not make any empirical claim about what is the correct value of the

contrast level. Instead, it establishes the theoretical and econometric foundations for the use

of models with an arbitrary constant contrast level and the calibration of this parameter.

I show that the contrast level has clear behavioral implications. It is also invariant under
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increasing transformations of the utility scale. It can be identi�ed from changes in the joint

distribution of choice and response time when some variations in utility are observed, for

instance changes in price for a given good. Additionally, I show how to calibrate the contrast

level in practice by introducing a �exible parameter in an existing race model.

I illustrate my theoretical framework and my calibration method by comparing the DDM

and LBA models. The literature had observed that both models �t comparably well empir-

ical distributions of choice and response times [Donkin et al., 2011]. This suggests, in my

framework, that they have a comparable range. Making use of my results on normalized

range-contrast representation, I can plot on the same 2D map the range of the LBA and

DDM models, which provides a convenient way to inspect the di�erences in the distributions

of choice and response time that the two model can generate. Since the range of the LBA

and DDM are similar, they di�er mostly by their contrast level. I calibrate a LBA with a

�exible parameter for the contrast level on data generated by a DDM - making use of the

fact that I know the utility of the alternatives in my simulation. Logically, the proposed

estimation procedure �nds a contrast level close from −1, the theoretical contrast level of

the DDM. I can then investigate the amount of data required to calibrate the contrast

level. The proposed theoretical framework and set of econometric methods applies equally

to many variations of the DDM model - such as having a random starting point, collaps-

ing boundaries [Fudenberg et al., 2015] or replacing the Brownian motion by a Levy �ight

process [Wieschen et al., 2020] - as well as any independent race models - such as the LBA

[Brown and Heathcote, 2008b], the racing di�usion model [Tillman et al., 2020] or the race

Lévy �ight model [Rasanan et al., 2022].

My theoretical results bring a fresh perspective to the empirical literature evaluating

models of choice and response times. The common practice in cognitive science is to evaluate

models by their goodness-of-�t using choice and response time only. My results show that,

without incorporating information about the stimulus - the utility of the alternatives -, this

approach only evaluates the range of the model but not the contrast. Unless one has a deep

conviction that the only reasonable contrast level is −1, this is a problem for economists. It

means that current approaches to model evaluation in cognitive science and the associated

literature cannot guide us in the choice of a suitable contrast level.

This suggests a natural division of labor between cognitive scientists and economists. The

former can keep improving the range of the models using their usual metrics and datasets.

The data requirements can be important at this stage. The latter can start from these

models to have a correct range and then calibrate the contrast level using datasets that also

contain information about the variations in utility, such as experiments with induced values,

discrete choice experiments or choice sets with varying prices. My econometric results and
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Monte Carlo calibration exercises are oriented towards these applications. This type of data

is more costly to obtain because it requires a controlled environment, but the calibration

of the contrast level is much less data-intensive than that of the range. By analogy with

deep learning, the range can be seen as a foundational model that extract relevant features

from the distribution of choice and response times, whereas the calibration of the contrast

level corresponds to a �ne-tuning for the speci�c value-based task considered. Overall, the

distinction between range and contrast reveals the complementary between mindful and

mindless economics [Camerer, 2008, Gul and Pesendorfer, 2008], the former contributing to

the accuracy of behavioral models and the latter to the normative interpretation of these

behaviors.

This paper also contributes to the theoretical literature at the intersection of economics

and cognitive science investigating the properties of models of choice and response times.

One strand of this literature, closer to decision-theory, has o�ered some axiomatization of

the DDM [Fudenberg et al., 2020, Baldassi et al., 2020] and related it with classical random

utility models [Fudenberg et al., 2015, 2018, Cerreia-Vioglio et al., 2023]. Alós-Ferrer et al.

[2021] introduce a general framework to reveal ordinal preferences from choice and response

times that shares some similarity with my paper. Both approaches apply to the case of

strongly Fechnerian models, but generalize in di�erent directions. Alós-Ferrer et al. [2021]

relax this assumption by allowing the noise distribution to vary across pairs of alternatives.

I relax this assumption by giving an independent role to the utility of each alternative.

1. In the same vein, Webb [2019] and Webb et al. [2019] have tried to extend random

utility models by incorporating any sort of neural correlates as predictor, including response

times. So far, this literature has paid limited attention to the distinction between predicting

behavior and interpreting behavior as re�ecting certain preferences - as given by the notions

of range and contrast - and thus has not discussed the limits to what can be calibrated

depending on data availability.

Another strand of the literature, closer to mathematical psychology, had begun to unify

DDM-like models and race models under a common analytical framework [Marley and Colo-

nius, 1992, Jones and Dzhafarov, 2014] and studied the horse-race counterpart of the DDM

[Ratcli� and Smith, 2004, Donkin et al., 2011, Terry et al., 2015, Khodadadi and Townsend,

2015]. In this literature, my paper puts a new perspective on a critical point raised by

Jones and Dzhafarov [2014]. These authors pointed out that the models in the literature

are so �exible that relaxing any of their distributional assumptions is su�cient to �t any

distribution of choice and response time. In my framework, it is clear that relaxing these

1Note that Alós-Ferrer et al. [2021] assume a contrast level of −1 and focus on binary choice. I show in
this paper that - in a certain sense - it is impossible to extend the Fechnerian version of their framework to
more than two alternatives.
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distributional assumptions only a�ects the range, not the contrast. Therefore, even if all

models have the same range up to a distributional assumption, they may still have a di�er-

ent contrast and yield diverging behavioral predictions about the e�ect of varying the utility

of the alternatives. My results suggest that we should accept the apparent arbitrariness of

the range, because the distributional assumptions in current models have been validated

in numerous empirical studies, but pay more attention to the arbitrariness of the contrast

level.

The rest of the paper is structured as follows. Section 2 showcases the theoretical results

through illustrative examples. In Section 3, I introduce my theoretical framework based on

the range-contrast representation of a model and characterize the class of models to which

I applies. In Section 4, I de�ne the contrast level of a model and analyze its behavioral

implications. In Section 5, I state and illustrate the econometrics implications of the two

previous sections in relation to economic applications. I summarize the main results and

discuss the possible extensions in Section 6. Each of Section 3, 4 and 5 opens with a

comprehensive summary, which time-pressed readers can use as an index - or an alternative

- to the formal statement of the results.

2 Illustration of the results through examples

This section provides a quick overview of the main ideas of each section through examples,

using relaxed notations and focusing on the case of n = 2 alternatives.

Section 3 introduces the range-contrast representation of a model. The range is a

function F : R+∗×R → [0, 1] increasing in both arguments. The range should be understood

as a distribution function, taking as argument the time t and a parameter d - readers familiar

with evidence accumulation models can think of d as a drift rate in a race model. For

instance, FA(t, d) = 1− exp(−edt), FB(t, d) = 1− exp(−e
3√
dt) or FC(t, d) = G(t+ edt2) for

any increasing cumulative distribution function G : R :→ R.

The contrast is a smooth function δ : Rn → R increasing in its �rst argument. The

contrast function should be understood as generating a parameter d for the range function

from the utility ui of the alternatives. For instance, δA(u1, u2) = u1 − 2u2, δ
B(u1, u2) =

(u1 − 2u2)
3 or δC(u1, u2) = 1− 1/exp(u1+arctan(u2)).

The distribution of choice and response time (C, T ) is determined from the range

F and the contrast δ by a horse race. There are n running horses, one per alternative. The

chosen alternative C is the one whose horse arrives �rst and the response time T is the arrival

time Ti of this horse. The Ti are drawn independently such that P (T1 ≤ t) = F (t, δ(u1, u2))

and P (T2 ≤ t) = F (t, δ(u2, u1)) This decision process is summarized on Figure 1. Those
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Horse 2

Horse 1

P (T1 ≤ t) = F (t, d1)

P (T2 ≤ t) = F (t, d2)

u1

u2

d1 = δ(u1, u2)

d2 = δ(u2, u1)

Choice

C = argmin
i∈{1,2}

Ti ∈ {1, 2}

Response time

T = min
i∈{1,2}

Ti ∈ R+

Notes: The joint distribution of choice and response time results from a horse race, symbolized by the white
rectangle. The horses have random independent arrival times Ti. The cumulative distribution function of
Ti is t 7→ F (t, di), where F is the range and di depends on the contrast and the utility of the alternatives.

Figure 1: Range-contrast representation of a model with n = 2 alternatives

familiar with accumulation models can see it as a race model in which the drift rates depend

�exibly on the utility of the alternatives through the contrast. Modeling the decision process

as a race between several independent horses may seem quite restrictive. Actually, I show

that the conditions on the model for a such a representation to exist are extremely weak.

The range contrast representation (F, δ) of a model is not unique. In the previous

examples of range and contrast, it is clear that the pairs (FA, δA) and (FB, δB) lead to the

same distribution of choice and response time, whatever the utility of the alternatives. In

this speci�c case, notice that δB is an increasing transformation of δA. I show that in general

the range and contrast pair is unique up to such transformations. Additionally, I propose

normalized forms for the range contrast representation so that one can test, given two pairs

(FA, δA) and (FB, δB), if and how their range and contrast di�er.

Section 4 determines the behavioral implications of several restrictions on the contrast.

The contrast level is the ratio α = ∂2δ/∂1δ of the second to the �rst partial derivative of δ.

In the examples of contrast given earlier, αA = αB = −2 is constant, whereas αC = 1/1+u2
2

is not. The contrast level is a property of the model and does not depend on the range-

contrast representation chosen, which explains why αA = αB. The contrast is also invariant

to the scale of the cardinal utility. For instance, δA(u1, u2) = u1 − 2u2 and δ(v1, v2) =

exp(v1)− 2 exp(v2) have the same contrast level.

The case of models with a constant contrast level generates clear predictions. For

instance, a negative contrast level - like αA - implies that raising the utility of one alternative

slows down the horse of the other and increases the probability of being chosen. A contrast

level whose absolute value is smaller than 1 implies that decisions go faster as the utility of

both alternatives increase. The argument also holds for models in which the contrast level

vary but always satis�es the conditions - for instance, αC that is always between −1 and

0. Models that have a range contrast representation with a linear contrast - like (FA, δA)

- clearly have a constant contrast level. Conversely, models that have a constant contrast
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level also have a range contrast representation with a linear contrast. For instance, the

model represented by (FB, δB) has a constant contrast level; even though δB is not linear.

However, the model can also be represented by (FA, δA) and δA is linear.

The contrast of the Drift Di�usion Model imposes narrow restrictions. Representing a

DDM by a race between two horses - each governed by its own scalar parameter di - is

possible but a bit arti�cial since a single scalar u1 − u2 governs the whole distribution. I

show that the models having this property are exactly those that admit a range contrast

representation (F, δ) such that δ(u1, u2) = −δ(u2, u1). Note that this is the case for the

DDM since δDDM(u2, u1) = u2 − u1 = −δDDM(u2, u1). I also show that the models with a

constant contrast level that satisfy this property are exactly those with contrast level −1.

Section 5 is devoted to the econometric consequences of the previous results. The main

focus here is on identi�cation, under the assumption that the true data generating process

satis�es the three axioms (Weak Scalar Parametrization), (Symmetry) and (Higher Utility,

Faster Horse). I start with the identi�cation of the range. The distribution of arrival

time for each horse (T1, T2) is identi�ed from the observed distribution of choice and response

time (C, T ). For instance, if P (T ≤ t ∩ C = i) = edi/(ed1+ed2 ) (1− exp[−(ed1 + ed2)t])) for

a given pair (d1, d2), then it must be that P (Ti ≤ t) = FA(t, di)) = 1 − exp(−tedi). If the

distribution of choice and response time is observed under every possible condition, then

the range F is identi�ed up to an increasing transformation of the di.

The range matters for revealing cardinal preferences, but so does the contrast.

Imagine that you observe the distribution of choice and response time under an unknown

condition (u1, u2). I consider the extremely favorable case in which the model has a constant

(but unknown) contrast level α and you happen to know the normalized range F such that

the pair (F, δ) with δ(u1, u2) = u1 + αu2 represents the model. You analyze the data and

note that P (T1 ≤ t) = F (t, 30) and P (T2 ≤ t) = F (t, 45). A contrast level −1/2 would imply

that (u1, u2) = (70, 80). A contrast level −2/3 would imply that (u1, u2) = (108, 107). If you

are interested in the relative monetary value of alternative 1, a slight change in the contrast

level can lead to a sizable di�erence in willingness to pay.

The issue remains even when you observe the distribution of choice and response time

for various (unobserved) utility of the alternatives and only try to reveal variations in utility.

Starting from the previous example, imagine that you also observe the distribution of choice

and response time in another unknown condition (u′1, u
′
2) for which P (T1 ≤ t) = F (t, 40)

and P (T2 ≤ t) = F (t, 90). A contrast level 0 would imply that the utility of the second

alternative increased much more than that of the �rst as compared to the initial setting

- more precisely, ∆u1 =:= u′1 − u1 = 10 and ∆u2 := u′2 − u2 = 45. On the contrary,

a contrast level −3 would imply that the utility of the second alternative increased much
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more than that of the �rst - more precisely, one can �nd ∆u1 = 35/2 and ∆u2 = 15/2 by

solving the system of equations. This underscores the fact that the contrast level drives the

interpretation of response time data in terms of utility and that a misspeci�ed contrast level

can lead to erroneous conclusions.

Fortunately, the identi�cation of the contrast level is possible when there are small

variations in utility are observed and two alternatives have a close value. For instance,

consider a discrete choice experiment in which the same product is compared twice to

the same outside option, but with a slightly lower price the second time. With the same

notations as previously, this corresponds to the case ∆u1 << 1 and ∆u2 = 0. I also assume

that the prices are chosen so that the decision-maker is almost indi�erent between the two

alternatives. Such a situation is observable as it corresponds to a choice probability of 1/2

and means that u1 ≃ u2. I do not assume anymore that the range F is normalized, hence

δ may not be linear. Still, for small variations ∆u1 in utility it is locally linear, hence the

di�erence ∆d1 := d′1 − d1 = δ(u1 + ∆u1, u2) − δ(u1, u2) is close to ∆u1 × ∂1δ(u1, u2) and

∆d2 := d′2 − d2 = δ(u2, u1 +∆u1)− δ(u2, u1) is close to ∆u1 × ∂2δ(u2, u1) - with u1 ≃ u2.

Therefore, α ≃ ∆d2 / ∆d1. As long as the distribution of choice and response times is

observed, then the di and ∆di are identi�ed and so is α.

3 The range-contrast representation

In this section, I develop a theoretical framework to compare evidence accumulation models

with each other. I start by clarifying my concept of model and recalling classical results

on horse-race models. Then, I prove a representation result for a large class of models

characterized by two axioms and containing the most prominent examples from the litera-

ture. Finally, I study the uniqueness of this representation under a third axiom and I derive

normalized forms that can be used for comparing models.

The notion of model in De�nition 1 is just a function that maps an input vector containing

the utility of all the alternatives to an output joint distribution of choice and response times.

This de�nition captures exactly what matters in a model for revealing cardinal utility from

choice and response time. It is richer than the usual notion of stochastic choice function

as it also accounts for response times. It abstracts from the numerous preference-irrelevant

parameters that are part of the notion of models used in cognitive science. Each variation

in these preference-irrelevant parameters correspond to a di�erent model in my formalism.

My line of attack for comparing models builds on the argument that all models have a

horse-race equivalent. This point has been �rst raised in Marley and Colonius [1992] and

more recently in Jones and Dzhafarov [2014]. I revisit in De�nition 2 the notion of horse-
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race model from Marley and Colonius [1992] to align it with my own notion of model. The

usual equivalence result, Lemma 1, states in my setting that every model is equivalent to a

horse-race model in which each alternative-speci�c horse depends on the cardinal utilities

of the alternatives. For this reason, the assumptions and results of the paper are frequently

formulated in terms of horses.

The rest of the section deals with the range-contrast representation of a model. A

range-contrast representation (De�nition 3) is a compact way to describe the horse-race

equivalent of a model by its range, the set of possible horses for a given alternative, and its

contrast, how the horse is determined by the cardinal utility of all the alternatives. I show

in Theorem 1 that the models admitting a range-contrast representation are exactly those

satisfying Axiom 1 (Symmetry) and Axiom 2 (Weak Scalar Parametrization). This class of

models contains the DDM and LBA families of models as well as many of their variants.

The range-contrast representation is intended as a tool to compare models. Theorem 2

shows that, under Axiom 3 (Higher Utility, Faster Horse), the range-contrast representation

is unique up to an increasing transformation of the contrast. Building on this result, Corol-

lary 1 introduces a normalization procedure to align the contrasts of two models in order

to compare the ranges and Corollary 2 another normalization procedure to align the ranges

and compare the contrasts.

3.1 Preliminaries

Let me start by introducing some notations. A decision-maker faces n ≥ 2 alternatives.

Alternative i has a cardinal utility ui to the decision-maker. The decision-maker makes a

random choice C ∈ J1, nK after a random response time T ∈ R∗
+. The joint distribution

of (C, T ) is entirely determined by the alternative-speci�c incidence functions (Hi)1≤i≤n

de�ned by

Hi(t) = P (C = i ∩ T ≤ t) for t ∈ I and 1 ≤ i ≤ n

Vectors are denoted by bold letters, such as H = (Hi)1≤i≤n, u = (ui)1≤i≤n the cardinal

utility of each alternative. I note X ∼ F the fact that the random variable X has a

cumulative distribution function F .

In the paper, the cardinal utility of the alternatives u a�ects the joint distribution of

choice C and response time T . Instead of writing C(u) and T (u), I introduce u as a

parameter in the alternative-speci�c incidence functions Hi(t,u) which determines the law

of (C, T ) and I de�ne everything in terms of H.

De�nition 1. A model is a continuously di�erentiable function H : R∗
+ × Rn → (0, 1]n

10



Horse 2

T2 ∼ F2

Horse 1

T1 ∼ F1

Choice
C = argmin

i∈{1,2}
Ti ∈ {1, 2}

Response time

T = min
i∈{1,2}

Ti ∈ R+

Figure 2: Illustration of a horse-race model for n = 2 alternatives

increasing in its �rst argument and such that, for all u ∈ u ∈ Rn,

lim
t→0

Hi(t,u) = 0 for all 1 ≤ i ≤ n and

n∑
i=1

Hi(t,u) ≤ 1 for all t ∈ R∗
+

The set of all models is denoted by M.

This de�nition means that a model is a mapping from an input vector u of the cardinal

utility of each alternatives to an output distribution of choice and response time (C, T )

determined by its alternative-speci�c incidence functions t 7→ Hi(t,u) for 1 ≤ i ≤ n. Note

that the Hi are positive, hence each of the distribution Hi(.,u) for 1 ≤ i ≤ n has full support

on R∗
+ and the conditional variable T | C = i admits continuous densities with respect to

the Lebesgue measure for all u ∈ Rn.

This de�nition focuses exclusively on the role of the cardinal utility of the alternatives.

The other parameters - boundaries, threshold, starting points, non-decision time - that

usually enter evidence accumulation models are understood as �xed in a model. Their

in�uence over the predictions is not discussed here. Each value of this set of parameter gives

corresponds to a speci�c model. Appendix A introduces formally two family of models, the

DDM and the LBA model, which I use as examples throughout the paper.

De�nition 2. A horse-race model is a model H ∈ M such that there exists a continuously

di�erentiable function F : R∗
+ × Rn → (0, 1]n with

∂Hi

∂t
(t,u) =

∂Fi

∂t
(t,u)

∏
j ̸=i

(1− Fj(t,u))

The intuition behind this de�nition is that a horse-race model is a model such that, for

all u ∈ Rn, there exist alternative-speci�c independent random variables (Ti)1≤i≤n such

that (C, T ) satis�es

T = min
1≤i≤n

Ti and C = argmin
1≤i≤n

Ti

Using these notations, Fi is just the probability distribution function of Ti, i.e. Fi(t,u) =
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P (Ti ≤ t) for 1 ≤ i ≤ n. Using the vocabulary of competing risks in survival analysis, Hi

is the incidence and Fi the hazard rate.

Modeling response and time data with horse-race models is attractive because of the

natural extension to any number n of alternatives. In their seminal article, Marley and

Colonius [1992] showed that the previously introduced notion of horse-race model imposes

no constraint on the model. More precisely, they proved that any distribution H can be

rationalized by a horse-race model under mild assumptions on H and they also precise

under which condition the random response times for the same alternative are invariant

across choice sets. Their proof was based on the following lemma, which can be traced back

to Berman [1963].

Lemma 1 (Berman [1963]). For any (Hi)1≤ilen : R∗
+×Rn → (0, 1] that admits positive and

continuous densities (hi)i on [0,+∞), there exists T1, ..., Tn independent random variable

such that Hi(t) = P
Ä⋂

j ̸=i(Ti < Tj)
ä
for all i ∈ J1, nK

C = argmini Ti

Moreover, the cumulative distribution function (Fi)1≤i≤n of these alternative speci�c re-

sponse times (Ti) are unique and characterized by

Fi(t) = 1− exp

Ç∫ t

0

hi(s)

1−H(s)
ds

å
This lemma warns us that the fact that a model is "horse-race" does not impose any

constraint on the resulting joint distribution of response and time. However, this does

not imply that this concept is useless. The horse-race approach provides useful concepts -

such that the alternative-speci�c response times - based on which one can impose further

constraints on the models. For instance, Townsend and Liu [2020] study the implications of

having one alternative-speci�c response time �rst-order stochastically dominating another,

or that the ratio of the probability distribution function of alternative-speci�c response time

is increasing.

In the rest of this section, I use repeatedly the fact that every model can be written as

a horse-race model.

3.2 Existence of a range-contrast representation

The notion of model introduced so far is so general that cross-model comparisons are nu-

merically and analytically impossible. In terms of dimensions, a model H ∈ M is a function

from Rn+1 to Rn. For most of the models in the literature, we do not have a tractable
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analytical expression for this function. And even for binary choices (n = 2), in which case

a model is a function H : R3 → R2, comparing two models by plotting their values for a

range of inputs can hardly re�ect all the dimensions in which they can di�er.

I will introduce two general axioms that greatly simplify the task. The �rst one is

(Symmetry).

Axiom 1 (Symmetry). A model H ∈ M satis�es (Symmetry) if, for every t ∈ R+∗,

u ∈ Rn and 1 < i ≤ n,

Hi(t,u) = H1(t, ũ
i) where ũi = (ui, u2, . . . , ui−1, u1, ui+1, . . . , un)

This �rst axiom is a very natural constraint when studying preferences. Since the or-

dering of the alternatives in the de�nition of the model is just a notational convenience,

there is no reason to expect that one alternative is favored over another except because of

its utility. In the case n = 2, the condition simply writes, for t ∈ T and (u1, u2) ∈ R2,

H2(t, (u1, u2)) = H1(t, (u2, u1))

This axiom is not satis�ed, for instance, by variants of the DDM model that feature

either asymmetrical boundaries or a non-centered starting point. Such asymmetries are

justi�ed in the context of perceptual tasks, for which there is a natural "correct" answer,

but not for value-based choice. Since my focus here is the use of evidence accumulation

model to measure cardinal utility, it seems more appropriate not to introduce a priori a bias

in favor of one alternative.

Under (Symmetry), a model H : R+∗ ×Rn → [0, 1]n is determined by H1 : R+∗ ×Rn →

[0, 1]. This is much better than previously, but still di�cult to plot or study analytically.

The next axiom will further break down the dimensionality of the problem of comparing

models.

Axiom 2 (Weak Scalar Parametrization). A model satis�es (Weak Scalar Parametriza-

tion) if there exists d : u ∈ Rn → d ∈ R such that

H1(t,u) = ‹H1(t, d(u)

This second axiom captures the fact that most evidence accumulation models in the liter-

ature can be described as governed by an intermediate object between the input alternative-

speci�c utility and the output distribution of response and time, namely some notion of rate

of evidence accumulation. A simple interpretation of this axiom is that the set of possible

"horses" - i.e. alternative-speci�c response time distribution in the horse-race version of the

13



Horse 2

Horse 1

T1 ∼ F1(., d1)

T2 ∼ F2(., d2)

u1

u2

d1 ∈ R

d2 ∈ R

Notes: The cardinal utilities jointly determine a scalar drift rate di per alternative, which in turn determines
the distribution of arrival time Ti of the corresponding horse. The empty rectangle on the right means that
the distribution of choice and response times is determined from the distribution of arrival times of the
horses following the horse-race decision rule depicted in Figure 2.

Figure 3: Illustration of the (Weak Scalar Parametrization) axiom for n = 2 alternatives

model - is a curve, in the sense that it can be smoothly parametrized by a scalar. One could

think of the drift rate di as indicating the mood of horse i, which is itself determined by the

utility ui of the corresponding product as well as that of other products.

This axiom is satis�ed in most models that feature a notion of drift rate. This is the

case for the DDM model, in which the utility of the two alternatives matter only through

the drift rate u1−u2. This is also the case for the LBA model, in which the mean drift rate

of each parallel process is a�ected by the utility u1 of the corresponding alternative.

Example 1. Both the DDM and LBA model satisfy (Weak Scalar Parametrization)

I can now introduce the main object of this section, the range-contrast representation of

a model.

De�nition 3. Let H ∈ M be a model. A range-contrast representation of H is a pair

(F, δ) where

� F : R+∗ × R → [0, 1] is continuously di�erentiable

� δ : Rn → R is continuously di�erentiable

such that, for all t ∈ R∗
+, u ∈ Rn and 1 ≤ i ≤ n, Fi(t,u) = F (t, δ(ūi)).

The intuition behind this de�nition is that F characterizes the range of possible choice

and response time distributions with the model while δ describes how alternative-speci�c

rates are combined to determine the outcome distribution.

F1(t,u) = F (t, δ(u1, u2))

F2(t,u) = F (t, δ(u2, u1))

Let me provide another interpretation in terms of horse race. The function F indicates

how fast each horse will race depending on its mood d. The function δ indicates how the

mood of horse i is determined by its own talent ui and that of other horses (uj)j ̸=i.
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Horse 2

Horse 1

T1 ∼ F (., d1)

T2 ∼ F (., d2)

u1

u2

d1 = δ(u1, u2)

d2 = δ(u2, u1)

Notes: The contrast function δ determines a scalar drift rate di per alternative by processing symmetrically
their cardinal utilities. The range function F determines the distribution of arrival time Ti of the horses
from the corresponding drift rate di. The empty rectangle on the right means that the distribution of choice
and response times is determined from the distribution of arrival times of the horses following the horse-race
decision rule depicted in Figure 2.

Figure 4: Illustration of the range-contrast representation of a model for n = 2 alternatives

We have �nally reached a representation of a model that is concise enough to allow for

cross-model comparisons. As it happens, F : R∗
+ × R2 → [0, 1] can easily be visualized

with a heat map. Note that the dimensionality of the range does not depends on n. What

depends on n is the dimension of the contrast δ : Rn → R. However, only two contrasts δ

have been considered in the literature so far: δ(u1, u2) = u1 and δ(u1, u2) = u1 − u2.

Example 2. � The LBA model admits a range-contrast representation (F, δ) with δ(u1, u2) =

u1.

� The DDM model admits a range-contrast representation (F, δ) with δ(u1, u2) = u1−u2.

To extend the previous equine analogy, in the LBA model, the mood of the horse depends

only on its own talent, whereas In the DDM model, the mood of the horse depends on its on

talent but is negatively a�ected by the talent of others. Because the function δ determines

the extent to which the mood of one horse can be a�ected by that of the others, I call it

"contrast".

The following theorem is the �rst novel result of this paper. It shows that the two

previous axioms characterize the class of model that admit a range-contrast representation.

Theorem 1. A model satis�es (Symmetry) and (Scalar Parametrization) if and only if it

admits a range-contrast representation.

The proof consists mostly in considering the equivalent horse-race version of the model,

simplifying its expression using (Symmetry) and (Scalar Parametrization). A detailed proof

is available in appendix.

The two previously introduced axioms de�ne a wide class of models, robust that encom-

passes most of the existing examples from the literature. Theorem 1 shows that these models

all admit a range-contrast representation, and we have argued that such a representation is

very convenient for performing cross-model comparisons.
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Before performing actual cross-model comparisons, a last issue needs to be solved. While

each range-contrast representation determines a unique model, the converse does not hold: a

model always has several range-contrast representations. For instance, notice that if (F, δ) is

a range-contrast representation of a model, so is (F ◦ϕ−1, ϕ◦ δ) for any bijection ϕ : R → R.

Therefore, two contrast-range representations can have a di�erent range and contrast even

though they represent the same model. The following subsection explains how to overcome

this challenge.

3.3 Uniqueness of a normalized range-contrast representation

So far, we have only proved the existence of range-contrast representations for models.

As we have previously noted, such representations are never unique, since the following

transformation does not change the model for every continuous bijection ϕ : R → R.

(F, δ) −→ (F ◦ ϕ−1, ϕ ◦ δ)

In order to perform cross-model comparisons, it is thus essential to �nd a normalized form

for the range-contrast representation of a model that will be unique. To do so, I introduce

the (Higher utility, Faster Horse) axiom and show that models that satisfy this axiom in

addition to the two previous ones (Symmetry) and (Weak Scalar Parametrization) have a

unique range-contrast representation up to a simple normalization.

Axiom 3 (Higher Utility, Faster Horse). A model satis�es (Higher Utility, Faster Horse)

if, for all t ∈ R, u 7→ F1(t,u) is increasing in u1 and non-increasing in u2.

Thus axiom means that the alternative-speci�c response time Ti (the arrival time of

horse i) decreases with u1 and is non-increasing in u2 in the sense of �rst-order stochastic

dominance. In other words, as the utility of an alternative increases, the corresponding

horse becomes faster. This has two immediate implications:

Proposition 1. If a model satis�es (Symmetry), (Weak Scalar Parametrization) and (Higher

utility, Faster Horse), then

� the choice probability P (C = i) for alternative i is increasing in ui.

� the model admits a range-contrast representation (F, δ) such that F (t, d) is increasing

in d for all t ∈ R+∗ and δ(u1, u2) is increasing in u1 and non-increasing in u2.

Once again, this axiom is quite intuitive and satis�ed by a large class of existing models,

such as the ones that we have considered so far. Proving that the axiom is satis�ed is not

obvious for models that are usually not presented as race models. When it is the case, this
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property can also be easily tested by plotting the range of a range-contrast representation

of the model.

Example 3. Both the DDM and LBA model satisfy (Higher Utility, Faster Horse).

Now that this new axioms has been introduced, it is possible to prove uniqueness results.

The key step is the following normalization theorem.

Theorem 2 (Uniqueness up to an increasing transformation).

� If a model satis�es (Symmetry), (Weak Scalar Parametrization) and (Higher utility,

Faster Horse), then it admits a range-contrast representation (F, δ) with δ increasing

in its �rst argument.

� If a model admits a range-contrast representation (F, δ) with δ increasing in its �rst

argument, then (F̄ , δ̄) is a range-contrast representation of the model if and only if

there exists ϕ increasing such thatδ̄ = ϕ ◦ δ

F̄ = F ◦ ϕ−1

This important result will allow us to design normalization procedures to perform cross-

model comparisons. Note that a single normalization method may not be at the same time

indicative of the di�erence in terms of range and in terms of contrast between models. In

what follows, I propose two normalizations for the range-contrast representation, one for

comparing the range and one for comparing the contrast across models.

Corollary 1 (Normalization of the range at a speci�c time). If a model satis�es (Sym-

metry), (Weak Scalar Parametrization) and (Higher Utility, Faster Horse), then for every

t0 ∈ R+∗, it admits a unique range-contrast representation (F, δ) such that

F (t0, δ(u1, u2)) = δ(u1, u2) for all (u1, u2) ∈ R2

This normalization procedure is specially useful to compare the range of two models.

The idea is to "align" their contrast at a speci�c point t0 ∈ R+∗ in time and observe how

the predictions of the two models diverge as we consider larger or smaller response times.

Corollary 2 (Normalization of the contrast). If a model satis�es (Symmetry), (Weak Scalar

Parametrization) and (Higher Utility, Faster Horse), then it admits a unique range-contrast

representation (F, δ) such that δ(u1, 0, . . . , 0) = u1 for all u1 ∈ R.
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This normalization procedure is specially useful to check whether the model admits a

range-contrast representation (F, δ) in which δ is linear in the utility vector (u1, u2). If such

a δ does exist, then it corresponds to the contrast of the normalized representation in the

sense of Corollary 2. The following subsection is devoted to the study of models having this

property.

4 The contrast level

This section examines the contrast level, a key elasticity that plays a pivotal role when

revealing cardinal preferences using models of choice and response time. I �rst de�ne the

contrast level in a general context, discussing the robustness of the notion and its behavioral

implications. Then, I make these results more precise on the class of models having a

constant contrast level, to which virtually all the evidence accumulation models in the

literature belong. Finally, I o�er a characterization of the models whose contrast function

resembles that of the DDM.

The contrast level is a real number measuring the extent to which the horse corresponding

to one alternative is a�ected by the utility of the other alternatives. In all generality, the

contrast level is a function, introduced in De�nition 4, of the utility of each alternative.

The contrast level depends only on the contrast function, but it is an intrinsic property of

the model, in the sense that it does not depends on which range-contrast representation

is chosen. Proposition 2 shows that a model makes speci�c predictions when its contrast

level is restricted to a certain range of values. I study in Proposition 3 the invariance of the

contrast level when the scale of the cardinal utility varies.

The contrast level is constant in virtually all the models considered in the literature

that satisfy the axioms of Section 3. All original horse-race models have a contrast level

of 0, all the models of the DDM family have a contrast level of −1. The importance of

this elasticity, whose main implications are listed in Proposition 2, has not been explored in

earlier research. Proposition 4 shows that the models for which the contrast level is constant

are exactly those that admit a range-contrast representation with a linear contrast function.

From a theoretical perspective, there is no reason why the literature has considered only

two possible values for the contrast level.

Making use of the previous analytical framework, I am able to characterize some speci-

�cities of the DDM within the wider class of models introduced so far. The DDM family

of models satisfy Axiom 4 (Strong Scalar Parametrization), which means that they are

parametrized by a single scalar drift, Theorem 3 shows that the models that satisfy (Sym-

metry), (Strong Scalar Parametrization) and (Higher Utility, Faster Horse) are exactly those
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whose contrast function is anti-symmetric. This non-trivial result has two direct implica-

tions. The �rst one, Corollary 3, is that there are no such models when there are more

than three alternatives. The second, Corollary 3, is that the models that have a constant

contrast of -1 are exactly those that have a linear contrast function and satisfy (Strong

Scalar Parametrization).

4.1 A robust concept with clear behavioral implications

I consider a modelM that satis�es the three axioms (Symmetry), (Weak Scalar Parametriza-

tion) and (Higher Utility Faster Horse) introduced in the previous section. We know from

Theorems 1 and 2 that such a model admits a range-contrast representation that is unique

up to an increasing transformation.

De�nition 4. The contrast level of a model M with a range-contrast representation (δ, F )

is the function α de�ned as

α : R⋉ −→ R

u 7−→
∂δ
∂u2

(u)
∂δ
∂u1

(u)

It is well-de�ned and does not depend on the range-contrast representation (δ, F ) chosen.

Imposing constraints on the contrast level has some immediate behavioral implications.

The simplest way to illustrate this is the case of two products A and B of equal value, that

is to say n = 2 and u = (u, u) with u ∈ R.

Proposition 2 (Behavioral implications). For two alternatives A and B of equal value :

� If the function α is always negative (resp. positive), then increasing the utility of B

makes the horse associated to A slower (resp. faster).

� If the function α is always strictly smaller than −1, then increasing the utility of both

A and B by the same amount makes choices slower.

The contrast level function α is not only robust to the range-contrast representation

chosen, but also to the scale of the cardinal utility, at least in the case of two products of

equal value.

Proposition 3. [Invariance to the scale of the cardinal utility]

Given u ∈ Rn, introduce a smooth increasing transformation ϕ : R → R and de�ne

v = (ϕ−1(ui))1≤i≤n. Let (δ, F ) be a range-contrast representation of a model MU and

(δϕ, F ) a range-contrast representation of the model MV that is perfectly equivalent to MU

after rescaling - hence δϕ(a1, . . . , an) := δ(ϕ(a1), . . . , ϕ(a1)). Denoting αU the contrast level
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of U and αV that of MV , we have

αV (v) = αU (v)×
ϕ′(u2)

ϕ′(u1)
for all u ∈ Rn

In particular, wherever two of the alternatives are of equal utility, the contrast level does not

depend on the scale.

Proposition 3 implies that the results of Proposition 2 are independent of the scale of the

cardinal utility. In the following subsection, I focus on models for which the contrast level is

constant. In this case, the relation obtained in Proposition 3 evaluated in 0Rn ensures that

the constant contrast level remains the same after re-scaling the cardinal utility.

4.2 Models with a constant contrast level

The models with a constant contrast level are exactly those that admit a range-contrast

representation (δ, F ) in which δ is linear. Let me formalize this statement.

De�nition 5. A contrast function δ;R → R is linear-in-utility if there exists a, b ∈ R such

that δ(u1, u2) = a u1 + b u2

This result o�ers a characterization of the models that have a constant contrast level,

and also a characterization of the contrast level itself.

Proposition 4. A model admits a range-contrast representation with a linear-in-utility

contrast if and only if it has a constant contrast level.

If it is the case, then there exists a unique α ∈ R such that the model admits a range-

contrast representation (F, δ) with δ(u1, u2) = u1 + αu2. This α is the (constant) contrast

level of the model.

Since most of the models in the literature admit a range-contrast representation with a

linear-in-utility contrast, it is possible to compare their contrast level. Actually, only two

contrast levels are featured in existing models.

Example 4. In the following cases, the contrast level is constant

� it is equal to -1 for the DDM family of models,

� it is equal to 0 for originally horse-race models such as the LBA

The fact that such a key behavioral parameter is set to an arbitrary value by classical

models is problematic. The most appropriate level of contrast is an empirical question that

has not been addressed yet in the literature and has important implications when it comes

to revealing cardinal preferences from choice and response time data.
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Horse 2

Horse 1

T1 ∼ F1(., d1(d))

T2 ∼ F2(., d2(d))

u1

u2

d ∈ R

Notes: The cardinal utility of each alternative jointly determine a single scalar drift rate d, which in turn
determines the distribution of arrival time Ti for all the horses. The empty rectangle on the right means
that the distribution of choice and response times is determined from the distribution of arrival times of the
horses following the horse-race decision rule depicted in Figure 2.

Figure 5: Illustration of the (Strong Scalar Parametrization) axiom for N = 2

One may argue that a contrast level of -1 is theoretically attractive because (1) it

seems natural to have a negative contrast and (2) the value of -1 creates some sort of

anti-symmetry between the alternatives. In particular, a contrast level of -1 implies that

δ(u2, u1) = −δ(u1, u2) for the linear-in-utility range-contrast representation (F, δ), hence

the characteristics of one horse are entirely determined by the characteristics of the other.

The following subsection will clarify the implications of such an assumption.

4.3 Characterizing the contrast of the DDM

When the (Weak Scalar Parametrization) axiom was introduced in Section 3, I pointed

out that the DDM satis�es a much stronger property. In the DDM model, the output

distribution depends on to the input utility vector through a single scalar, whereas (Weak

Scalar Parametrization) allows one scalar per horse. The following axiom captures this

speci�city of DDM-like models.

Axiom 4. [Strong Scalar Parametrization]

A model satis�es (Strong Scalar Parametrization) if there exists (H̄i)1≤i≤n : R ×

Rn → [0, 1] and d : Rn → R such that, for all 1 ≤ i ≤ n, t ∈ R and u ∈ Rn,

Hi (t,u) = H̄i (t, d(u))

The following proposition clari�es the relation between the axioms introduced so far.

The proof is straightforward given the de�nition of the axioms and the fact that the LBA

model does not satisfy (Strong Scalar Parametrization).

Proposition 5. � (Strong Scalar Parametrization) implies (Weak Scalar Parametriza-

tion)

� (Weak Scalar Parametrization), (Symmetry) and (Higher utility, Faster Horse) do not
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jointly imply (Strong Scalar Parametrization)

In a closely related paper, Alós-Ferrer et al. [2021] introduce a wide class of models of

choice and response times for binary choice using chronometric functions. All these models

also satisfy the (Strong Scalar Parametrization) axiom.

The remainder of this section investigates what the (Strong Scalar Parametrization) ax-

iom imposes on the range-contrast representation of a model. Theorem 3 characterizes the

models that satisfy the same axioms as Theorem 1 except that (Weak Scalar Parametriza-

tion) has been replaced by (Strong Scalar Parametrization).

Theorem 3. A model satis�es (Strong Scalar Parametrization), (Higher Utility, Faster

Horse) and (Symmetry) if and only if it admits a range-contrast representation (F, δ) such

that, for all u1, u2 ∈ R, δ(u2, u1) = −δ(u1, u2)

The class of model that satisfy these three axioms is the class of models which have a

range-contrast representation in which the contrast function is anti-symmetric. The proof

makes use of a characterization of the continuous involutions of R - a mathematical result

commonly attributed to Babbage [1815]. My theorem has two important implications.

First, it makes it possible to characterize the family of models that have the same contrast

as the DDM model. Corollary 2 states that they are exactly the models that satisfy the

assumptions of Theorem 3 and admit range-contrast representation with a linear-in-utility

contrast.

Corollary 3. A model satis�es (Strong Scalar Parametrization), (Higher Utility, Faster

Horse), (Symmetry) and admits a range-contrast representation (F, δ) in which δ is linear-

in-utility if and only if it admits a range-contrast representation (F̄ , δ̄) such that

δ(u1, u2) = u1 − u2

Second, it suggests that (Strong Scalar Parametrization) is not a suitable axiom for

modeling non-binary choices. The intuition is that for N ≥ 3, the anti-symmetry of the

contrast function is incompatible with the symmetrical role played by the utility of the other

alternatives.

Corollary 4. There is no non-trivial model that satis�es (Strong Scalar Parametrization),

(Higher Utility, Faster Horse) and (Symmetry) for N ≥ 3
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5 Econometrics implications

This section presents the implications of the previous theoretical results for the econometrics

of choice and response times. I start by general identi�cation conditions applicable to the

large class of models presented in Section 3. Then, I show how to visualize the di�erence

in range between the DDM and LBA models. Finally, I show how to calibrate the contrast

level of a model while keeping the range constant;.

I address two important questions about identi�cation. First, what do we need to know

about the model in order to retrieve the cardinal utility of the alternatives from choice and

response time? Second, what can we infer about the model from observable data? Example

5 gives partial negative results to both questions. It shows that it is impossible to retrieve

the cardinal utility of the alternatives without knowing the contrast of the model - even

under the assumption that the contrast level is constant. It also shows that it is impossible

to determine the contrast of the model - even just the contrast level - using choice and

response time data only.

Identi�cation becomes interesting if we observe more than just choice and response time.

I derive results about model identi�cation (Proposition 6) under three conditions : when only

choice and response time are observed (Assumption 1), when the utility of the alternatives

are observed (Assumption 2) and when some variations in the utility of the alternatives are

observed (Assumption 3). The main result is Proposition 6, which implies that the range is

identi�ed from choice and response time only, whereas the contrast level is identi�ed from

observable variations in utility.

Then, I illustrate the strength of my theoretical results by comparing the range of the

LBA and DDM models. To motivate this exercise, let me suggest an analogy with random

utility models. We know that the only di�erence between the probit and logit amounts

to the distribution of their noise terms - normal or Gumbel - and these distributions can

easily be represented on the same graph in order to understand where the gaps emerge. In

a similar vein, Figure 6 illustrates the range of the LBA and DDM models and how they

deviate from each other across time and drift rate. The construction of such a graph relates

to the normalized range contrast representation for range comparison that was introduced

in Corollary 1.

Finally, I show how to calibrate the contrast level of an existing race model. I introduce

my methodology and propose variants depending on what is observable about the utility

of the alternatives in applications. I then evaluate the performance of the variants in a

Monte Carlo calibration exercise, in which I choose an LBA as my baseline race model and

calibrate it on data generated by a DDM model.
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5.1 Identi�cation

The econometric analysis of choice and response time typically starts by selecting a speci�c

class of models to analyze the data. Formally, the econometrician selects a family {Mθ | θ ∈

P} ⊂ M of models parametrized by some parameter θ ∈ Θ ⊆ Rp. The variable θ stands

for the familiar parameters other than the drift rate associated to the family of evidence

accumulation models considered, such as the threshold, the distribution of the starting

point... As I stressed in the beginning of Section 3, with my de�nition of model as a

mapping from an input vector of alternative-speci�c utility to an output distribution of

choice and response time, each value of the parameters θ may correspond to a di�erent

model Mθ. Here, my objective is not to focus on the identi�cation of the parameters θ for a

given family of models such as the DDM or LBA, but rather on identi�cation of the range

and contrast in general. Therefore, I will assume that θ is identi�ed, in the sense that the

following function is injective

M : Θ −→ M

θ 7−→ Mθ

I will also assume that the models in M(Θ) satisfy the three axioms from Section 3, namely

(Symmetry), (Weak Scalar Parametrization) and (Higher Utility Faster Horse). The models

need not have a constant contrast level, and I will explicitly mention which of my identi�-

cation results rely on this additional assumption.

The data available to the econometrician may depend on the circumstances. I will always

assume that the data contains enough information to identify the output choice and response

time distribution, possibly under di�erent conditions. Regarding the information available

about the cardinal utility of the alternatives, I will consider three cases:

A �rst case where the data contains no information about how the cardinal utility of

the alternatives changes across conditions. This is often the case in the existing literature

in cognitive science.

Assumption 1 (The cardinal utility is totally unobserved).

ϕ = {H(.,u) | u ∈ Rn}

A second case where the varying cardinal utility of the alternatives across conditions is

fully known. This ideal setting can be obtained in experiments with induced preferences.

Even though it may not be useful in itself - what is the point of revealing cardinal preferences

from choice and response time if you know them already - it should be understood as a �rst

best for model calibration.
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Assumption 2 (The continuously varying cardinal utility is observed).

ϕ = {(u,H(.,u)) | u ∈ Rn}

A third case where the cardinal utility of the alternatives in itself is not known, but

we know some of the continuous variations of the cardinal utility across condition. This

setting is particularly relevant in all applications involving an observable and continuous

characteristic like prices.

Assumption 3 (Some continuous variations of the cardinal utility are observed).

ϕ = {(∆u,H(.,u+∆u)) | ∆u ∈ V ⊆ Rn} for some neighborhood V of 0Rn

Now that the relevant set of assumptions have been de�ned, here comes the main result

regarding identi�cation.

Proposition 6 (Identi�cation). The range of the model is identi�ed under Assumption 1.

The contrast of the model is identi�ed under Assumption 2, but not under Assumptions 1

or 3. The contrast level of the model is identi�ed under Assumption 2 or 3, but not under

Assumptions 1.

I conclude this subsection by an explicit counter-example for the non-identi�cation re-

sults.

Example 5. Consider a model whose range is F (t, d) = 1 − exp(−dt). Imagine that the

observed choice and response time distribution is such that the alternative-speci�c horses are

distributed according to F1(.) = F (., 30) and F2(.) = F (., 45). Here are two pairs of contrast

levels and values of the cardinal utility of each alternatives that rationalize the data :

� α = −1/2 and (u1, u2) = (70, 80).

� α = −2/3 and (u1, u2) = (108, 117).

5.2 Comparing the range of two models

In this subsection, I show how to visually compare the range of two models. The approach

derives directly from Corollary 1. I apply it to the DDM and LBA models and discuss the

implications of the results.

Figure 6 depicts the values of the normalized range F for a DDM and a LBA calibrated on

the same dataset. I normalize the values of F using the uniqueness given by the theorem with

t0 = 0.5. Because of this normalization, we have d ∈ [0, 1] and FLBA(0.5, d) = FLBA(0.5, d) =
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Notes: The reference time t0 = 0.5 is symbolized by a vertical line. Since the (normalized) range F is
a function R2 → [0, 1], I represent it by its level curves, i.e the set of argument for which it takes a given
value. Here these levels are 0.2, 0.4, 0.6 and 0.8 and each has an associated curve. By construction, the
normalized range of the LBA and DDM are the same at the reference time. These normalized range also
satisfy F (t0, d) = d for d ∈ [0, 1], which imposes where the level curves intersect the vertical line. Di�erences
in the range of the two models are re�ected in the divergence of their level curves.

Figure 6: Normalized values of F for the DDM and LBA model

d for every din[0, 1]. I plot the set of points for which the normalized value of F equals 0.25,

0.5 or 0.75. Overall, the dash and full curves are very close from one another, in particular for

the small response times during which most of the decisions are made. Numerical instability

explains the anomalies in the bottom right corner. More details on the numerical simulations

are available in the appendix.

5.3 Calibrating the contrast level of an existing model

In this subsection, I show how to calibrate the contrast level of an existing race model

in a binary choice task. I �rst present the method, then calibrate a LBA model on data

generated by a DDM model, and �nally discuss some practical applications of this method.

The motivation for re-using an existing model is simple. Finding a model with an appro-

priate range requires an extensive amount of choice and response time data. Calibrating the

contrast level requires much less data but some variations in utility must be observed. This

suggests a natural division of labor in which cognitive scientists would design and calibrate

models that have a correct range, while economists would adjust the contrast level of these

models to their setting. I perform both steps here, but the novelty is the second part.

Starting from a race model is a natural choice. First, because race models have a contrast
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Race

Model

u1

u2

vi = u1 + αu2

vi = u2 + αu1 Choice C

Response time T

Notes: The race model represented by the square normally receives as input the utility ui of each alternative.
Instead, we feed the model with the vi that are obtained from the ui and some external parameter α. The
resulting model has the same range as the initial race model, but a constant contrast level of α.

Figure 7: Introducing a contrast level parameter in an existing race model

level of 0, so the parameter α is exactly the contrast level of the calibrated model. Second,

because the alternative would be to use a DDM model and my approach is not directly

applicable in this case. Third, because the log-likelihood of the most popular race models

in the literature has a tractable analytical expression, which facilitates the calibration.

Theoretically, the calibration could consider all the possible models with a constant

contrast level that have the range of the initial model. Formally, the existing model gives a

range F . We want to �nd all the contrast δ such that (F, δ) has a constant contrast level.

Proposition 4 shows that these are exactly the δ such that δ(u) = ϕ(u1 + α
∑

i̸=1 ui) where

α ∈ R and ϕ : R → R is increasing. For instance, assuming that you �nd a race model with

range F that can rationalize all the distributions of choice and response time of a DDM, then

there exists an increasing function ϕ such that the model (δ, F ) with δ(u1, u2) = ϕ(u1−u2) is

exactly the DDM model. However, it may be di�cult in practice to explore all the possible

functions ϕ. Insofar as the variations in utility are not too large, one can rely on the linear

approximation δ(u1, u2) = d+ s(u1 + αu2).

I propose to calibrate the contrast level under this local approximation and the additional

assumption that the two alternatives have a similar value. Note that this last point is easily

testable as it implies that the choices are equally split between the two alternatives. If the

utility of u1 and u2 are close from each other, the same local approximation of δ can be used

in (u1, u2) and (u2, u1). I introduce the free parameters d for the o�set, s for the slope and

α for the contrast level. Instead of feeding the race model directly with the utility ui of each

alternative, I �rst compute vi = d+s(ui+αuj) for i ̸= j and then feed the model with the vi,

as depicted on Figure 7. This determines a distribution of the data conditional on the free

parameters d, s and α as well as the (partially) observed utility ui of the alternatives. The

calibration consists in �nding the most appropriate value of the contrast level parameter α

given the data.

According to Proposition 6, some variations in utility must be observed for the contrast

level to be identi�ed. I consider two cases. The �rst case is when the ui are directly observed,

for instance in lab experiment with induced values or in a Monte Carlo calibration exercise.
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Con�guration Parameters Sample size Estimated α

The (ui)i∈{1,2} are observed A, b, σv 10,000 0.96

Table 1: Results of the Monte Carlo contrast calibration exercise

Then, the ui are not a parameter to be calibrated but part of the data. In this case, the

structural equation vi = d + s(ui + αuj) makes perfect sense as it is written. The second

case is when small variations in the ui are observed, for instance in a choice experiment in

which the price of the two goods o�ered can be manipulated. Then u = uREF +∆u where

only ∆u is observed and varies and uREFi is a constant. In such as case, replacing ui by

uREF + ∆u in the equation vi = d + s(ui + αuj) does not make much sense, since both d

and uREF are unobserved. Since the unobserved reference utility uREF can be captured by

the o�set di, one can simply use the structural equation vi = d + s(∆ui + α∆uj). If the

price of one of the two goods does not change, say good 1, then the equations simplify to

v1 = d+ sα∆uj and v2 = d+ s∆uj .

I illustrate this approach in a Monte Carlo calibration exercise. When generating the

data, I vary the utility of the alternative in the following way : I use LBA model whose range

is consistent with this data using the same approach as in Subsection 5.2 - see Appendix C

for more details.

� Data generation. I generate data using a DDM model. The preference-irrelevant

model parameters like the threshold and the standard deviation of the Brownian

motion are set to arbitrary values. I vary the utility (u1, u2) of the alternatives:

u1 is drawn from a standard normal distribution and u2 is sampled uniformly from

{−1, 0.2, 0.8}. The drift rate d of the DDM is u1 − u2.

� Range calibration. I follow the methodology from Appendix C to obtain a LBA

model that is able to reproduce the distribution of choice and response time.

� Contrast level calibration when variations in utility are observed. I calibrate

the contrast level of the model, assuming that u1 and u2 are observed. The structural

equations write v1 = d+ s(u1 − αu2)

v2 = d+ s(u2 − αu1)

Table 1 presents the results of the calibration.
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6 Discussion and conclusion

This paper introduces a novel theoretical framework to study models of choice and response

times. Focusing on the role of the cardinal utility of the alternatives, I bring a fresh perspec-

tive to old arguments - such as the equivalence with horse-race models - and long-lasting

debates on di�erences between models.

The theoretical results of the paper apply to a wide class of models. This class is

characterized by three simple axioms shared by the LBA and DDM models as well as

many of their variants. I introduce a formalism, based on the notion of range-contrast

representation, which makes these models analytically comparable with each other. The

contrast determines alternative-speci�c drift rates from the utility of all alternatives. The

range determines the set of distributions of choice and response times that can be generated

from the data. The range-contrast pair characterizes the model.

The contrast level is the main conceptual contribution of this paper. It is a key elasticity

that appears in these models and drives their behavioral predictions. The higher the contrast

level, the more the response times associated to an alternative are sensitive to the cardinal

utility of the others. All the models considered in the literature have a constant contrast

level - namely, -1 in the DDM and 0 in the LBA and other "horse-race" models. This choice

seems arbitrary, for three reasons. First, plenty of models satisfying the three previous

axioms do not have a constant contrast level. Second, the qualitative predictions of the

model are reasonable when the contrast level is a constant between −1 and 0. Third, a

constant contrast level of −1 is impossible in models of non-binary choice.

The econometric implications of these theoretical results are fundamental. The existing

literature, which calibrated its models without any information about the cardinal utility of

the alternatives, could only identify the range, but not the contrast. This explains why the

contrast level, in spite of its central role for the measure of cardinal utility, has been mostly

overlooked. I also show that the contrast level can be introduced as a free parameter and

identi�ed from choice and response time data in presence of observed variations in utility.

This last assumption is easily satis�ed in potential economic applications, such as choice

experiments or choice sets with known variations in prices for a given item. I also compare

the range-contrast representation of the LBA and DDM model and �nd that their range are

quite comparable. This suggests that a LBA model modi�ed to have a contrast level of -1

is roughly equivalent to a DDM model. Therefore, the LBA model with a �exible contrast

level can be seen as admitting both the usual LBA and the DDM as particular cases and is

not limited to binary choices. These results are of immediate methodological relevance to

the burgeoning applications of evidence accumulation models in economics.

These theoretical advances pave the way for � and indeed demand � more empirical
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investigation. The most pressing issue is to know more about the value of the contrast level,

whether it varies across individuals and experimental settings and how it relates to other

behavioral patterns already measured in the literature. Then, the large literature comparing

existing models of choice and response time based on goodness of �t may �nd useful to plot

and compare the range of models calibrated on the same actual data - just as this paper

has done for the LBA and DDM - to better understand the relation between their drift

rates and their predictions. In parallel, it would be interesting to apply models of choice

and response times to existing economic datasets involving non-binary choices and evaluate

their e�ect on inference.

There are still several theoretical hurdles to clear before models of choice and response

times can be used in most economic applications. One key issue is that of varying size

of the choice set. This is a challenging point because we know extremely little about the

e�ect of varying the number of alternatives, except for Hicks law, which states that the

average response time increases logarithmic ally with the number of alternatives. It could

be interesting to derive the implications of Hicks law for the contrast level depending on

the number of alternatives, and test it empirically. Another approach would be to provide a

micro foundation for intermediary values of the contrast level by making speci�c assumptions

regarding how the attention of the decision-maker is attributed to alternatives and derive

the implications of such a decision process to varying choice sets.

Overall, this paper aims to bridge the gap between the widespread use of choice and

response time models by cognitive scientists and the cautious attitude of economists that

prefer to thoroughly understand the implications of their models before using them in nor-

mative applications.
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A Examples of evidence accumulation models

The most widespread evidence accumulation models in the literature in mathematical psy-

chology are the DDM and LBA models.

Example 6. The (symmetrical) Decision Di�usion Model (DDM) Ratcli� and McKoon

[2008]

The model is de�ned only for n = 2. The utility of each alternative (ui)i∈{1,2} is combined

to form the drift rate u1 − u2 of a Brownian motion Wt with standard deviation σ (σ > 0)

and W0 ∈ (−1, 1). The joint distribution of response and time in the modle is then de�ned

as T = inf{t | |W (t)| > 1}

C =W (T )

This is the simplest version of the celebrated DDM model. There are variants of the

model in which the starting point is random, some with asymmetrical thresholds, some with

time-varying thresholds. The assumption that the boundaries are symmetrical has been

criticized because it implies that the response time T and the choice C are independent.

However, in the case where there is no obvious "correct" and "wrong" alternatives but only

di�erences in alternative-speci�c utility, it owuld not be natural to introduce a priori another

form of di�erentiation between items.

In spite of several attempts to generalize the DDM beyond two alternatives Krajbich

and Rangel [2011] Roxin [2019], the literature has not converged yet on the best way to do

so. The so-called race models are much easier to de�ne independently of the number n of

alternatives. A simple and widely used horse-race model is the Linear Ballistic Accumulation

model.

Example 7. The Linear Ballistic Accumulator Model (LBA) Brown and Heathcote [2008b]

The LBA model from Brown and Heathcote [2008b] is a horse-race model where Ti(u) =

(1 − αi)/(ui + βi) with αi uniformly distributed on [0, A] with 0 ≤ A < 1 and βi normally

distributed, centered, with standard deviation σ > 0.
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•αB
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eB(t) = αB + (dB + βB) t

Figure 8: The DDM and LBA models

The intuition between the LBA model is that decision-makers accumulate evidence sepa-

rately about each alternative. They start from a random alternative-speci�c level of evidence

αi, accumulate evidence deterministically at a random alternative-speci�c rate ui + βi and

make a decision when the level of evidence reaches the threshold 1. There are variants of the

models in which the distribution of starting point and the noise term are alternative-speci�c.

The common wisdom in the literature is that the randomness in the level of evidence

accommodates fast errors, while the randomness in the rate of evidence accumulation ac-

commodates slow error. However, the formal expression of Ti given above reveals that, for

a given vector u, the same outcome distribution of response and times could be obtained

using only one source of randomness. This observation was already present in Jones and

Dzhafarov [2014], who pointed out that, up to relaxing one of the distributional assumption

in the model, one could rationalize any distribution of choice and response times.

Proposition 7. The DDM and LBA model both satisfy (Weak Scalar Parametrization),

(Symmetry) and (Higher Utility Faster Horse)

I discuss the proof here and stress which variants of these models are excluded by each

axiom. The LBA model clearly satis�es (Weak Scalar Parametrization). The DDM clearly

satis�es (Strong Scalar Parametrization) and Proposition 5 shows that it implies (Weak

Scalar Parametrization). However, (Weak Scalar Parametrization) is not satis�ed by the

Leaky Competing Accumulator model of Usher and McClelland [2001] because the utility

of the alternatives interact at di�erent stages of the evidence accumulation process.
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The (Symmetry) axiom rules out certain variants of the models. It is inconsistent with

asymmetrical boundaries or asymmetrical random starting point in the DDM. It also rules

out the possible that parameters of the LBA model other than the drift rate be alternative-

speci�c.

The (Higher Utility, Faster Horse) axiom is clearly satis�ed in the case of the LBA. It is

su�cient to check that the alternative-speci�c distribution of response times is decreasing

(in the sense of �rst-order stochastic dominance) in the drift rate. In the case of the simplest

version of the DDM, the output distribution of response time is 1) independent from the

choice and 2) distributed according to an inverse Gaussian whose mean is the drift rate

[Stern, 1977]. It is thus su�cient to check that the inverse Gaussian is decreasing (in the

sense of �rst-order stochastic dominance) in its mean parameter. The argument is quite

speci�c to the speci�c parametric distribution of these models. The easiest way to extend

it to other variants is probably to test it numerically.

B Proofs

Proof of Theorem 1

Proof. It is clear that a model that admits a range-contrast representation satis�es (Sym-

metry) and (Scalar Parametrization). Conversely, let H : Rn× → (0, 1)n be a model that

satisfy (Symmetry) and (Scalar Parametrization).

Because of Berman's lemma, there exists a family (Fi)1≤i≤n of parametric distribution

functions with Fi : R∗
+ × Rn → (0, 1) for 1 ≤ i ≤ n characterizing the alternative-speci�c

response time in the equivalent horse-race model.

Because of (Scalar parametrization), for each of the Fi with 1 ≤ i ≤ n, there exist

some functions Fi : R∗
+ × R → (0, 1)n and δi : Rn → R such that the decomposition

Fi(t,u) = Fi(t, δi(u)) holds. What remains to be shown is that, without loss of generality,

we can choose the same F = Fi for all 1 ≤ i ≤ n and the same δ up to reordering

appropriately the arguments - formally, δi(u) = δ(u(1 i)) for all u ∈ Rn and 1 ≤ i ≤ n - and

still satisfy the decomposition. I will show that F = F1 and δ = δ1 are appropriate choices.

Because of (Symmetry), we know that H1(t,u) = Hi(t,u(1 i)) for all t ∈ R∗
+, u ∈ Rn and

1 ≤ i ≤ n. Because of the relation between the Fi and the Hi given by Berman's lemma,

we obtain that G1(t,u) = Fi(t,u(1 i)) for all t ∈ R∗
+, u ∈ Rn and 1 ≤ i ≤ n. Notice that

under the change of variable u = v(1 i) with v ∈ Rn, the two transpositions cancel out and

the previous relation becomes Fi(t,v) = G1(t,v(1 i)). Finally, by de�nition of F1 and δ1,

the right-hand side of the previous equality writes F1(t, δ1(u(1 i))). Overall, we have shown
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that Fi(t,u) = F (t, δ(u(1 i))) for all t ∈ R∗
+, u ∈ Rn and 1 ≤ i ≤ n with F = F1 and δ = δ1.

This concludes the proof.

Proof of Theorem 2

Proof. The theorem contains two results. I will �rst show the existence of a range contrast

representation (F, δ) with F : R∗
+ × R → (0, 1) and δ : R2 → R increasing in its �rst

argument and surjective, and then show that such representations are exactly the ( (t,u) 7→

F (t, ψ−1(u))) , u 7→ ψ(δ(u)) ) with ψ : R → R increasing.

� Consider a model that satis�es (Symmetry), (Weak Scalar Parametrization) and (Higher

Utility Faster Horse). Let (Fi)1≤i≤n denote the cumulative distribution functions of

the alternative-speci�c horses in the model. By Theorem 1, the model admits a range-

contrast decomposition (F, δ) with F : and δ : Rn → R, which by de�nition satis�es

G1 = F (t, δ(u)).

I will �rst show that, for any t ∈ R∗
+, d 7→ F (t, d) is strictly monotone on δ(Rn).

By contradiction, assume that d 7→ F (t0, d) is not strictly monotone for some t ∈

R∗
+. Then, by continuity of the function, it must admit a local extremum at a point

d0 ∈ δ(Rn) (see Lemma B). Let u = (u1, . . . , un) ∈ Rn be such that d0 = δ(u).

The contradiction comes from the fact that, under (Higher Utility Faster Horse),

varying u1 has a predictable e�ect on the function F (t0, δ(u1, . . . , un)). If d0 is a local

minimum, then reducing u1 further decreases the function, a contradiction. If d0 is a

local maximum, then raising u1 further increases the function, a contradiction. The

previous argument relies on a simple real analysis Lemma B.

Lemma. Let f : I → R be a continuous real-valued function de�ned on a real interval

I. Then f is strictly monotone on I , i.e. either increasing or decreasing on I, if

and only if it has no extremum on I̊, i.e. an x ∈ I̊ such that the maximum or the

minimum of f in a open neighborhood of x is reached in x.

The rest of the proof may not be the shortest way to the conclusion, but it provides an

interesting construction that will be used again in the proof of Corollary 2. I will use

(F, δ) to construct another range-contrast representation (F ′, δ′) of the same model

such that F ′ : R∗
+ × R → (0, 1) is increasing in both arguments and δ′ : Rn → R

increasing in its �rst argument and surjective.

I �rst de�ne F ′(t, d) = G1(t, (d, 0, . . . , 0)) = F (t, δ(d, 0, . . . , 0)) for t ∈ R∗
+ and d ∈ R.

It is clear by de�nition of G1 that this function takes values in (0, 1) and is increasing

in its �rst argument. Because of (Higher Utility, Faster Horse), it is also increasing in

its second argument.
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I then de�ne δ′(u) = (φ−1 ◦ G1)(1,u) = φ−1 (F (1, δ(u))) for u ∈ Rn, where φ :

u1 7→ F (1, δ(u1, 0, . . . , 0)) and φ
−1 denote the compositional inverse of φ. Note that

(Higher Utility, Faster Horse) implies that φ is increasing, hence admits an inverse

φ−1 - which appears in the previous de�nition. By construction, it is clear that

δ′(u1, 0, . . . , 0) = u1, hence δ
′ is surjective. Moreover, both u1 7→ G1(1,u) and φ

−1

are increasing, hence by composition δ′ is increasing in its �rst argument.

What remains to be shown is that (F ′, δ′) is a range-contrast representation of the

same model as (F, δ). Formally, we need to prove that F ′(t, δ′(u)) = F (t, δ(u)) for all

t ∈ R∗
+ and u ∈ Rn. This is clearly true for all u ∈ Rn when t = 1, since

F ′(1, δ′(u)) = F ′(1, φ−1(F (1, δ(u)) ) by de�nition of δ′

= F (1, δ
(
φ−1(F (1, δ(u))) , 0 , . . . , 0

)
) by de�nition of F ′

= (φ ◦ φ−1) [F (1, δ(u))] by de�nition of φ

= F (1, δ(u))

In the general case where t ∈ R∗
+, the previous derivations lead to F ′(t, δ′(u)) =

F (t, γ(u)), where γ(u) = δ(φ−1(F (1, δ(u)))), which we would like to prove equal to

F (t, δ(u)). It is thus su�cient to show that γ(u) = δ(u) to conclude. We have already

obtained previously that F (1, γ(u)) = F (1, δ(u)). Since F is strictly monotone, it is

injective, hence γ(u) = δ(u) which concludes the proof.

� Let be (F, δ) and (F ′, δ′) be two representations of the model and assume that δ :

Rn → R is increasing in its �rst argument and bijective. We need to show that there

exists a bijective function ψ such that F ′(t, d) = F (t, ψ(d)) and δ′ = ψ−1 ◦ δ.

Since the two representations correspond to the same model, we must have F ′(t, δ′(u)) =

F (t, δ(u)) for all t ∈ R∗
+ and u ∈ Rn. Evaluating this relation in t = 1, we obtain

that F ′(1, δ′(u)) = F (1, δ(u)) for all u ∈ Rn. This relation suggests the de�nition of

ψ = [d 7→ F ′(1, d)]−1 ◦ [d 7→ F (1, d)], where the compositional inverse is well-de�ned

because F' is increasing in its second argument.

By construction of ψ, it is clear that δ′ = ψ−1 ◦δ. Moreover, ψ is increasing in δ(R) as

a composition of increasing functions. Finally, we need to show F ′(t, d) = F (t, ψ(d))

for all t ∈ R∗
+ and d ∈ δ(R) to conclude the proof. Writing d = δ′(u), the previous

relation amounts to show that F ′(t, δ′(u)) = F (t, ψ ◦ δ′(u)). This follows from the

expression of ψ and the fact that both representations apply to the same model.
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Proof of Corollary 1

Proof. Let M be a model that satisfy the assumptions of Theorem 2 and t0 ∈ R∗
+. I

have to show that the model admits a unique range-contrast representation (F, δ) such that

F (t0, δ(u)) = δ(u) for all u ∈ Rn, a property that I will denote (∗). I will prove �rst the

uniqueness, and then the existence.

Uniqueness. Let (F, δ) and (F ′, δ′) be two such representations. By Theorem 2, we know

that there exists ψ : R → R increasing such that δ = ψ−1 ◦ δ′ and F (t, d) = F ′(t, ψ(d)).

Denoting by G1 the parametric distribution of arrival time for the �rst horse of model M ,

we have, for all u ∈ Rn,

δ(u) =
by (∗)

F (t0, δ(u)) =
(F,δ) represents M

G1(t0,u) =
(F ′,δ′) represents M

F ′(t0, δ
′(u)) =

by (∗)
δ′(u)

From this, we deduce that δ = δ′, hence ψ = Id and F = F ′. This shows the uniqueness.

Existence. Let (F, δ) be a representation of M given by the �rst point of Theorem

2, with F increasing in both argument and δ increasing in its �rst argument. I de�ne

ψ = [d 7→ F (t0, ψ(d))]
−1 - the compositional inverse of this application being well-de�ned

because it is increasing. It is clear that ψ : R → R, is increasing and satis�es F ′(t0, d) :=

F (t0, ψ(d)) = d for all d ∈ R. Therefore, (F ′, ψ−1 ◦ δ) is a representation of the model M

such that F ′(t0, δ
′(u)) = δ′(u) for all u ∈ Rn. This shows the existence.

Proof of Corollary 2

Proof. Let M be a model that satisfy the assumptions of Theorem 2. I have to show that

it admits a unique range-contrast representation (F, δ) such that δ(u1, 0, . . . , 0) = u1 for all

u1 ∈ R. I will prove �rst the uniqueness, and then the existence.

Uniqueness. Let (F, δ) and (F ′, δ′) be two such representations. By Theorem 2, we know

that there exists ψ : R → R increasing such that δ = ψ−1 ◦ δ′ and F (t, d) = F ′(t, ψ(d)).

By assumptions on the representations, δ(u1, 0, . . . , 0) = u1 = δ′(u1, 0, . . . , 0) for all u1 ∈ R.

Therefore ψ = Id, hence δ = δ′ and F = F ′.

Existence. The construction of (F ′δ′) used in the proof of Theorem 2 is directly appli-

cable here.

Proof of Proposition 2

Proof. The proposition contains two results about the case of a pair of almost identical

products. I assume n = 2, u = (u1, u2) ∈ R2 and I focus on what happens in a neighborhood

of (u, u) ∈ R2.
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� The �rst result is that, if the function u 7→ α(u) is always negative, then δ decreases in

u2 in the neighborhood of (u, u) ∈ R2. It is su�cient to show that ∂2δ(u, u) < 0. This

clearly holds because ∂1δ(u, u) > 0 by (Higher Utility Faster Horse) and ∂2δ(u, u) =

α(u, u)× ∂1δ(u, u).

� The second result is that, if the function u 7→ |α(u)| is always larger than −1, then

δ(u) increases when u1 and u2 are raised by the same amount. This amounts to say

that the function ∆u 7→ δ(u1 + ∆u, u2 + ∆u) is increasing. The derivative of this

function writes ∂1δ+ ∂2δ = ∂1δ× (1+α). The sign of this expression clearly depends

on whether α(u) is higher or lower than −1.

Proof of Proposition 5

Proof. Proposition makes two assertions.

� The �rst assertion is that (Strong Scalar Parametrization) implies (Weak Scalar Parametriza-

tion). This is straightforward from the de�nition of the two axioms.

� The second assertion is that there are models that satisfy (Weak Scalar Parametriza-

tion), (Symmetry) and (Higher Utility, Faster Horse) but do not satisfy (Strong

Scalar Parametrization). I will provide a simple counter-example for n = 2. Con-

sider the model M given by the range-contrast representation (F, δ) where F (t, d) =

1−exp(−ted) and δ(u) = u1. Since the model is given by a range-contrast representa-

tion, it satis�es (Symmetry) and (Higher Utility, Faster Horse). Since F is increasing

in both its arguments and δ is increasing in its �rst argument, it also satis�es (Higher

utility, Faster Horse).

I will show that this model does not satisfy (Strong Scalar Parametrization). By

contradiction, assume that it does. Then, there exists a function d : Rn → R such

that ‹F1(t, d(u)) = F1(t,u) := F (t, δ(u1, u2)) = F (t, u1)‹F2(t, d(u)) = F2(t,u) := F (t, δ(u2, u1)) = F (t, u2)

The rightmost term of the �rst row is increasing in u1 and constant in u2. Therefore,

d must vary with u1 and cannot vary with u2. The conclusion derived from the second

row are the very opposite of those from the �rst row, hence a contradiction.
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Proof of Theorem 3

Proof. Since (Strong Scalar Parametrization) implies (Weak Scalar Parametrization), the

model satis�es the assumption of Theorem 2 and admits a range-contrast representation

(F, δ) with F increasing in both arguments and δ increasing in its �rst argument. Because

of (Strong Scalar Parametrization), there exists d : R2 → R, g1 : R → R and g2 : R → R

such that δ(u1, u2) = g1(d(u1, u2)) and δ(u2, u1) = g2(d(u1, u2)).

The �rst step consists in using (Higher Utility, Fast Horse) to simplify the notations.

Since δ is increasing in its �rst argument, so is g1 ◦ d. Therefore, without loss of generality,

I can assume that g1 is injective up to choosing appropriately its value outside of d(Rn).

Since g1 is injective, there exists a bijection h : R → R such that h ◦ g1 = Id. Without loss

of generality, we can apply the increasing transformation h to δ so that the contrast in the

range-contrast representation writes d(u1, u2) and we have d(u2, u1) = (h ◦ g2)(d(u2, u1)). I

de�ne g = h ◦ g2 to simplify the notations. Without loss of generality, we can also ensure

that g(0) = 0.

Then, there exists a smooth function g : R → R such that δ(u2, u1) = g(δ(u1, u2)).

Therefore, g must be an involution, i.e. g(g(t)) = t for all t ∈ R. Moreover, since δ is

increasing in its �rst argument and decreasing in its second, g must be non-increasing.

Finally, g(0) = 0.

I use the following mathematical result - proved, for instance, in Reyes [2014].

Lemma. Let g : R → R be a decreasing involution. Then there exists a continuous bijection

ϕ : R → R such that g = ϕ−1 ◦ (−Id) ◦ ϕ

I will complete the proof, using the lemma. Let ϕ be a function such that g = ϕ−1 ◦

(−Id) ◦ ϕ. Then

δ(u2, u1) = g(δ(u2, u1)) (1)

⇐⇒ δ(u2, u1) = ϕ−1 (−ϕ(δ(u2, u1))) (2)

⇐⇒ (ϕ ◦ δ)(u2, u1) = −(ϕ ◦ δ)(u2, u1)) (3)

The conclusion is immediate. De�ne δ′ = ϕ◦δ. The range-contrast representation (F, δ′)

of the model in which the contrast function δ̄ is such that δ̄(u2, u1) = −δ̄(u1, u2)

Proof of Corollary 3

Proof. I provve only the direct implication is non-trivial. The assumptions of Theorem 3

are satis�ed, hence there exists a range-contrast representation (F, δ) of the model such

that δ(u2, u1) = −δ(u1, u2). We also assumed that there exists another range-contrast
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representation (F̄ , δ̄) such that δ̄(u1, u2) = u1 + αu2. Moreover, we know that this contrast

function is unique up to an increasing transformation, hence there exists an increasing

h : R → R such that δ̄ = h ◦ δ. Notice that δ(u, u) = 0 for all u ∈ R. Taking the

Gateaux derivative at (0,0) with direction (1, 1) of both sides of the functional equation

gives 1 + α = 0, hence α = −1.

Proof of Corollary 4

Proof. Assume n ≥ 3. By contradiction, consider a model that satis�es the assump-

tions of Theorem 3. Then, there exists a range-contrast representation (F, δ) such that

δ(u) = −δ(ū2) (*) - where ūi is de�ned as (ui, u2,
. . . , ui−1, u1, . . . , un) for 2 ≤ i ≤ n. By

(Symmetry), this also implies that δ(u) = −δ(ūi) for all 2 ≤ i ≤ n (**).

δ(u1, u2, u3, . . . , un) = −δ(u3, u2, u1, . . . , un) by (**)

= δ(u2, u3, u1, . . . , un) by (*)

= −δ(u1, u3, u2, . . . , un) by (**)

= −δ(u1, u2, u3, . . . , un) by (Symmetry)

I have shown that δ is constant equal to zero, hence the model is trivial.

C Methodology of the numerical simulations

All analyses were performed using R Statistical Software. I use the Dynamic Choice Model

framework from Heathcote et al. [2019] to generate data and compute the likelihood for

di�erent evidence accumulation models. Parameter �ts are obtained by maximum likelihood

estimation. When I �t data generated by one model with another model, I use 10000 draws

from the initial model.

In order to compute the response-speci�c hazard rate F (t,u), I start from the density

hi and distribution function Hi for the response time conditional of choosing response i, as

implemented in the R library rtdists. I then compute F by numerical integration using the

formula from Lemma 1.

I cannot directly compare ‹F (t, d′) across evidence accumulation models because it is not

unique. However, Theorem 1 shows that it is unique up to imposing that the drift rate d′

belongs to [0, 1] and F (1, d′) = d′ for all d′ ∈ [0, 1]. I follow this idea to standardize F̃ and

be able to perform cross-model comparisons. I start from the response-speci�c hazard rate
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F (t, d) and I will construct G(t, d′) that describes the same model as follows:

F (t, d) = F (t, ϕ−1(ϕ(d)))

= F (t, ϕ−1(d′)) with d′ = ϕ(d)

= G(t, d′) with G(t, d′) = F (t, ϕ−1(d′))

If I choose ϕ(d) = F (1, d), then the de�nitions of G and d′ implies that d′ ∈ [0, 1] and

G(1, d′) = d′. In order to compute G numerically, I need to be ale to compute ϕ−1. To do

so, I compute the values of ϕ(d) for a wide range of d and I interpolate linearly the graph

of ϕ−1 between these points. The "normalized drift rate" that appears in the legend of the

plots refers to d′.
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